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Abstract 

Fixed point theory is a significant branch of mathematics with deep roots and extensive applications 

across various fields, including analysis, topology, game theory, and economics. This paper traces the 

historical journey of fixed-point theory, beginning with its basic foundations in classical mathematics 

and progressing to its rigorous formalization in the 20th century. The groundbreaking contributions of 

mathematicians such as Brouwer, Banach, and Schauder are discussed, highlighting their role in 

shaping the theory and its application in modern mathematical research. Fixed point theorems, such as 

Brouwer's Fixed Point Theorem and Banach's Contraction Principle, have become fundamental tools, 

not only in mathematics but also in solving problems across disciplines. The paper further explores how 

fixed-point theory acts as a connecting link between pure and applied mathematics. Its interdisciplinary 

applications in optimization, economic models, and dynamical systems are reviewed. The paper 

concludes with an overview of current challenges and potential future developments in this field, 

emphasizing its growing relevance in mathematical and applied research. By presenting a 

comprehensive analysis, this paper underscores the importance of fixed-point theory as a cornerstone 

in mathematics. 

Keyword Fixed point theory, Brouwer, Banach, Schauder, topology, interdisciplinary applications, 

pure mathematics, applied mathematics. 

1. INTRODUCTION  

The notion of fixed points underpins various mathematical and practical 

frameworks, often representing stability or equilibrium states in dynamic systems. 

A fixed point of a function 𝑓 is a point 𝑥 such that 𝑓𝑥 = 𝑥. This simple idea has 

broad implications across pure and applied mathematics. [1]  

For mappings of abstract metric spaces that are either single-valued or set-

valued, fixed-point theorems are formulated. optimum control theorems, in 

particular the fixed-point theorems for set-valued mappings, have proven useful in 

a variety of contexts, including economics, game theory, and optimum control.  

• Importance in Mathematics: Fixed point theory helps solve equations, analyze 

iterative processes, and study stability in differential systems. 

• Applications Beyond Mathematics: Fixed point results are integral to game 

theory (e.g., Nash equilibrium), economic modelling, and computational 

algorithms. 

 

1.1. Historical Foundations of Fixed-Point Theory 

In the early days of topology, with Poincaré, Lefschetz-Hopf, and Leray-

Schauder's work, the discipline of fixed-point theory began to grow. Topological 

factors, such as the connection to degree theory, play an important role in the 

theory's applications to several areas of contemporary interest in analysis. 
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Ancient and Classical Era 

• Geometric Intuition: The earliest implicit use of fixed 

points can be traced to Greek geometry, where 

concepts of symmetry and invariance were explored in 

problems like circle inversions.  

• Static Equilibrium: Ancient mechanics often revolved 

around finding states of balance, an early conceptual 

analogue of fixed points.  

Early Iterative Approaches (17th–19th Centuries) 

• Newton’s Method (1660s): Isaac Newton’s iterative 

procedure for finding roots of equations is one of the 

first systematic applications of fixed-point iterations. 

[2]  

• Lagrange and Fourier: Work on periodic functions and 

series convergence contributed indirectly to the 

development of fixed point concepts. 

• Gauss-Seidel Method: The iterative solution of linear 

systems exemplifies fixed point ideas, where 

convergence to a solution depends on finding an 

invariant point under iteration. 

Topological Foundations in the 19th Century 

• Euler’s work on topology and continuous mappings 

laid the groundwork for later developments in fixed 

point theorems. 

• Early studies of mappings and homeomorphisms 

prepared the field for rigorous theorems in the 20th 

century. 

1.2. Pioneering Fixed Point Theorems 

Some pioneering fixed-point theorems include: 

Brouwer’s Fixed Point Theorem (1911) 

• Statement: Every continuous function mapping a 

compact convex subset of Euclidean space to itself has 

at least one fixed point. 

• Proof Techniques: Brouwer’s proof relied on 

topological invariance and combinatorial methods. 

• Applications: Foundational in algebraic topology, 

including the study of homotopy and fundamental 

groups. Basis for Nash’s equilibrium theorem in game 

theory. [3] 

Banach’s Contraction Mapping Principle (1922) 

• Statement: Any contraction mapping on a complete 

metric space has a unique fixed point. 

• Proof Techniques: Constructive proof using successive 

approximations. 

• Applications: Differential and integral equations, such 

as Picard’s theorem for ODEs.  Theoretical framework 

for iterative algorithms. 

Schauder’s Fixed Point Theorem (1930) 

• Statement: Extends Brouwer’s theorem to compact, 

convex subsets of Banach spaces. 

• Applications: Analysis of partial differential equations. 

Nonlinear operator theory in infinite-dimensional 

spaces. 

Kakutani’s Fixed Point Theorem (1941) 

• Statement: A generalization of Brouwer’s theorem for 

multivalued functions (set-valued mappings). 

• Applications: Proving equilibrium existence in game 

theory and economics. Stability analysis in control 

systems. 

1.3. The Expansion of FIXED-POINT Theory 

Generalizations 

• Fixed point results extended to spaces lacking 

compactness or convexity. 

• Research on fixed points in probabilistic and stochastic 

systems. [4]  

Connections to Functional Analysis 

• The study of operator fixed points in Hilbert and 

Banach spaces. 

• Applications in ergodic theory and spectral analogy. 

• Applications in ergodic theory and spectral analysis. 

Dynamical Systems and Chaos Theory 

• Role of fixed points in studying attractors, repellers, 

and bifurcations. 

• Understanding chaotic systems through fixed points of 

iterative mappings. [5] 

1.4. Applications Across Disciplines 

Game Theory and Economics 

• Nash’s proof of equilibrium existence in finite games 

builds directly on Brouwer’s theorem. 

• Fixed point theory models market equilibrium, 

resource allocation, and optimization. 

Computer Science 

• Algorithms for solving constraint satisfaction 

problems and optimization rely on fixed point 

iterations. [7] 
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• Applications in semantics of programming languages 

(e.g., denotational semantics). 

Biology and Ecology 

• Modelling evolutionary stable strategies using fixed 

points. 

• Applications in population dynamics and equilibrium 

states in ecosystems. 

Physics and Engineering 

• Analysis of equilibria in physical systems, including 

quantum mechanics and statistical physics. 

• Stability of control systems in engineering designs. [6]  

2. LITERATURE REVIEWS 

As extensions and enhancements of these basic 

theorems, there have been many significant outcomes 

regarding fixed point theorems. Both in and beyond of the 

realm of mathematics, fixed point theorems find a wealth of 

use. In order to ensure the solutions and that the systems are 

stable, they have been used continuously. Beyond these, a 

large number of academics are working to prove fixed point 

findings in unexplored spaces and to generalise, expand, and 

enhance current results in many domains in order to derive 

fascinating and useful applications of fixed point theory.  [8] 

Using the shrinking projection approach, the paper's 

authors built an iterative procedure to approximate a shared 

solution of the split variational inclusion issue and the fixed-

point problem for asymptotically non-expansive semigroup 

in real Hilbert spaces. For an asymptotically non-expansive 

semigroup, they demonstrated that the sequences produced 

by the suggested iterative procedure converge strongly to a 

common solution. Lastly, we offered several applications for 

studying the split variational inequality issue and the split 

optimisation problem. [9] 

A particular self-duality feature of reflexive Banach 

spaces enables them to be closely connected to their dual 

spaces; these spaces constitute a type of normed vector 

spaces. They are ideal for studying fixed points because of 

their self-duality trait, which lets us examine the behaviour 

of mappings on these spaces using functional analysis 

methods. In this setting, knowing whether mappings created 

on reflexive Banach spaces have fixed points is the main 

goal. In some cases, the space's geometric or topological 

features, such as compact operators, non-expansive 

mappings, or contractive mappings, may be at play. [10] 

A fixed point is one that does not change when a function 

or mapping is applied to it. The goal of fixed-point theory is 

to have a better understanding of fixed-points, including if 

they exist, what their characteristics are, and how they are 

used in other branches of mathematics and beyond. In many 

fields, such as mathematics, economics, game theory, and 

optimisation, the existence of solutions, equilibrium points, 

and optimum points may be shown using the sophisticated 

mathematical tools provided by fixed point theorems. [11]  

Theorems from fixed point theory, such as the Brouwer 

and Kakutani theorems, were discussed in the article. There 

are several well-known applications of fixed-point 

theorems, which is a major area of mathematics. The study 

of rational agents' decision-making processes in real-world 

contexts, known as game theory, is one such application. 

The article provides background for the model by reviewing 

relevant literature and criticising three main integration 

models; it then constructs its own game theory model, the 

"Potluck Metaphor," using mathematical aspects and game 

theory basics to model multiple EU integration methods. 

Beginning with a basic dinner party game theory model, the 

article gradually enlarged these models to demonstrate their 

organisational and member-specific relevance to European 

integration strategy. [12] 

3. CHALLENGES IN FIXED POINT THEORY 

Following are the major challenges in the fixed-point 

theory as found based on the literature review:  

1. High-Dimensional and Complex Systems: Extending 

fixed point results to non-convex, non-compact, and 

infinite-dimensional settings. 

2. Algorithmic Computation: Efficient numerical 

methods for fixed point computation in large-scale 

systems. 

3. Interdisciplinary Integration: Application of fixed-

point theory in emerging fields like machine learning, 

network theory, and AI. 

4. CONCLUSION 

Fixed point theory has developed from a basic concept 

into a rich mathematical framework, as seen through its 

historical growth and significant contributions by pioneers 

like Brouwer, Banach, and Schauder. This evolution has 

established fixed point theory as a vital tool, not only in pure 

mathematics but also in various applied disciplines. Its 

ability to bridge mathematical analysis, topology, and 

computational science has enabled solutions to complex 

problems in fields such as economics, game theory, and 

optimization. The interdisciplinary nature of fixed-point 

theory, as highlighted in this review, underscores its 

relevance and adaptability. While its foundational theorems 

have stood the test of time, ongoing research and exploration 
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suggest that its scope will continue to expand, offering new 

possibilities for application in both established and emerging 

areas. The journey of fixed-point theory illustrates its 

enduring impact and potential for future developments in 

mathematics and beyond. 

Future Directions 

In recent decades, fixed point theory has blossomed into 

a prominent topic of mathematics, and its development is 

likely to be relentless. Scientists could try to apply fixed 

point theorems to chaotic or random systems by generalising 

them to more complicated areas. Furthermore, optimisation, 

machine learning, economics, and game theory are some of 

the more practical areas that will see an increase in the use 

of fixed-point theory to enhance decision-making models 

and algorithms. Additionally, it might be used to enhance the 

stability and performance of complex systems in real-world 

circumstances; it has potential applications in quantum 

computing, network theory, and hybrid systems. 
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